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Abstract

Econometricians estimate high-dimensional parameters and report low-dimensional nonlinear
functionals of them: an elasticity, a long-run multiplier, an impulse response, an indirect effect,
a variance share. A prior that is flat in the natural parameterisation is generally not flat in the
reported quantity, and where identification is weak the discrepancy does not vanish with the
sample size. This paper catalogues default priors for econometrics under one criterion, taken
from Bhadra, Datta, Polson and Willard (2016): regular variation. Regular variation is closed
under the sums, maxima, products, ratios and rational functions from which econometric
quantities are built, and is therefore the property that makes flatness survive the map from
parameter to estimand.

We develop a tail calculus for induced priors and prove five results. The prior induced
on a ratio of coefficients is Cauchy tailed with constant p2(0)E|θ1|, so diffusing the first-stage
prior makes the implied prior on the elasticity tighter and manufactures identification. On
a product, a coordinate spike at the origin compounds: the induced density grows like log3

where a bounded prior gives log. A half-Cauchy prior on a global scale induces exactly the
arcsine, or Beta(1/2, 1/2), prior on the population R2, which recovers the horseshoe law as
a statement about model fit and identifies R2–D2 as its reparameterisation. Any prior with
positive density at the unit root implies an infinite prior mean half-life and multiplier. And
the induced prior on a maximum keeps the coordinate tail index, which a purely global scale
destroys.

We then catalogue some thirty priors in current use, classify each by behaviour at the
origin and in the tail, and trace the consequences through regression, instrumental variables,
large VARs, factor models, time-varying parameter and stochastic volatility models, discrete
choice and causal machine learning. Two numerical illustrations and a set of practical recom-
mendations close the paper.

Keywords: default priors; regular variation; global–local shrinkage; horseshoe; induced priors;
weak instruments; Bayesian VAR; R2; half-life.

1 Introduction

1.1 The problem

The Bayesian econometrician specifies p(y | θ) and p(θ) and reports a posterior. The parameter θ
is high dimensional: the coefficients of a vector autoregression, the loadings of a factor model, the
first-stage coefficients on a hundred instruments. The quantity of economic interest is a scalar,

ψ = ψ(θ),
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and it is nonlinear: a long-run multiplier, a half-life, a variance share, an elasticity written as a
ratio, an indirect effect written as a product. Each is a many-to-one map from a large θ to a
small ψ.

The prior is judged on ψ, not on θ. A change of variables carries a Jacobian, and integrating
out nuisance coordinates concentrates mass in ways unrelated to the economics. Efron (1973),
in his discussion of Dawid, Stone and Zidek (1973), made the point in the normal means model
(yi | θi) ∼ N (θi, 1), i ≤ p. Take θi ∼ N (0, A) with A large and let ψ =

∑
i θ

2
i . With p = 100

and
∑

i y
2
i = 200, the minimum variance unbiased estimate is ψ̂ = 100 with standard error 25;

the posterior mean is 300. The prior is flat in θ and grotesque in ψ, because the induced prior
p(ψ) ∝ ψp/2−1e−ψ/2A is repelled from the origin when p is large.

This is the generic situation in econometrics, where p is large by construction and the reported
number is always a functional. A twenty-variable VAR with twelve lags has p = 4800 coefficients
and delivers an impulse response. A first stage with a hundred and fifty instruments delivers one
elasticity.

1.2 The criterion

Bhadra, Datta, Polson and Willard (2016) proposed assessing whether a prior deserves the name
default by the property of regular variation: f ∈ RVα if f(λx)/f(x) → λα for all λ > 0 as x→ ∞,
equivalently f(x) = xαℓ(x) with ℓ slowly varying. Two facts make it the right criterion here.

First, regular variation is closed under exactly the operations that build econometric function-
als: sums, maxima, products, ratios, and rational functions with positive coefficients (Bingham,
Goldie and Teugels, 1989, Prop. 1.5.7). A regularly varying prior on coordinates induces a regu-
larly varying prior on ψ; flatness survives the map. Gaussian tails are rapidly varying and enjoy
no such closure, so the induced prior must be recomputed case by case, which nobody does.

Second, regular variation of the prior relative to the likelihood delivers tail robustness (Dawid,
1973; O’Hagan, 1979; Andrade and O’Hagan, 2006): with polynomial prior tails and a location-
normal likelihood, (θ | y)⇝ N (y, 1) as |y| → ∞. When the data speak the prior stands aside.

Regular variation alone is not enough. Econometric problems are sparse or approximately
sparse, and a spherically symmetric heavy-tailed prior such as a multivariate t is tail robust but
leaves the noise coordinates unshrunk, so functionals that aggregate over coordinates are badly
overstated. What is required is a prior that is simultaneously tail robust — regularly varying at
infinity — and sparse robust — unbounded at the origin. Global–local scale mixtures (Polson and
Scott, 2010, 2012),

(θi | λi, τ) ∼ N (0, λ2i τ
2), λi ∼ p(λi), τ ∼ p(τ), (1)

are built to have both. The horseshoe, λi ∼ C+(0, 1), τ ∼ C+(0, 1) (Carvalho, Polson and Scott,
2010), is the canonical member.

1.3 Contributions

Section 2 sets out the criterion and formalises what it means for a prior to be default for a class
of functionals. Section 3 develops a tail calculus for induced priors and proves five results, each
with a direct econometric reading.

(i) Ratios. For independent coordinates the density of ψ = θ1/θ2 satisfies pψ(t) ∼ p2(0)E|θ1| t−2:
the tail of the estimand is governed by the denominator’s prior density at the origin, so dif-
fusing the first-stage prior tightens the implied prior on the elasticity and manufactures
identification where the data provide none (Theorem 3.2).
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(ii) Products. A coordinate spike compounds across channels. The induced density on an
indirect effect grows like log3(1/|t|) under global–local priors against log(1/|t|) under any
prior bounded at the origin (Proposition 3.5).

(iii) Variance shares. A half-Cauchy prior on a global scale induces exactly the arcsine law
Beta(1/2, 1/2) on the population R2 as p → ∞. The horseshoe’s defining Beta(1/2, 1/2)
shrinkage law is, read in the other direction, a statement about model fit, and it identifies
R2–D2 as a reparameterisation rather than a rival (Theorem 3.6).

(iv) Persistence. If the prior has positive continuous density at the unit root, the induced
priors on the long-run multiplier and on the half-life are both RV−2 and have infinite mean
(Proposition 3.8).

(v) Maxima. The induced prior on maxi θi keeps the coordinate tail index, but only if the
coordinates are heavy tailed given the global scale. A purely global scale destroys the
property: this is Efron’s second pathology and the failure mode of the Minnesota prior
(Proposition 3.9).

Section 4 is the catalogue: some thirty priors, classified by tail and origin behaviour. Sections 5
and 6 trace the consequences through the model classes of applied econometrics. Section 7 gives
two numerical illustrations, Section 8 the recommendations, Section 9 a conclusion.

2 Regular variation and default priors

2.1 Closure

Definition 2.1. A measurable f : R+ → R+ is regularly varying at infinity with index α, written
f ∈ RVα, if limx→∞ f(λx)/f(x) = λα for all λ > 0; slowly varying if α = 0; rapidly varying if
the limit is 0 or ∞. A random variable Z has a regularly varying right tail of index α > 0 if
F̄Z(x) = P(Z > x) = x−αℓ(x) with ℓ slowly varying, written Z ∈ RV(α).

We use tail index α for random variables and index −α− 1 for the corresponding density, the
two being related by Karamata’s theorem.

Proposition 2.2 (Closure; Bingham et al., 1989, Prop. 1.5.7). (i) f ∈ RVα ⇒ fρ ∈ RVρα. (ii)
fi ∈ RVαi, i = 1, 2 ⇒ f1 + f2 ∈ RVmax(α1,α2). (iii) If fi ∈ RVαi and r(x1, . . . , xk) is a rational
function with positive coefficients, then r(f1, . . . , fk) ∈ RVα for some α.

Part (iii) is the workhorse. Nearly every reported econometric quantity is a rational function
of the underlying coefficients: the cumulative impulse response c⊤(I − A1 − · · · − Aq)

−1b is a
ratio of polynomials in the autoregressive coefficients; a forecast error variance share is a ratio of
quadratic forms; the Wald estimand is a ratio of linear forms.

2.2 Scale mixtures

The construction of regularly varying priors runs through normal scale mixtures.

Theorem 2.3 (Barndorff-Nielsen, Kent and Sørensen, 1982). Let p(θ) =
∫
(2πv)−1/2e−θ

2/2vdF (v)

with mixing density f(v) = e−ψ
+vva−1L(v) as v → ∞, where ψ+ = sup{s :

∫
esuF (du) <∞} and

L is slowly varying. Then as θ → ∞,

p(θ) ∼

{
(2π)−1/221/2−aΓ

(
1
2 − a

)
|θ|2a−1L(θ2), ψ+ = 0,

(2ψ+)−a/2L(|θ|)|θ|a−1 exp{−(2ψ+)1/2|θ|}, ψ+ > 0.
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The dichotomy is the single most useful diagnostic in the catalogue below. If the mixing density
for the variance is polynomially tailed, so ψ+ = 0, the marginal on the coefficient is polynomially
tailed and regularly varying. If the mixing density has any exponential decay, ψ+ > 0, the
marginal inherits an exponential tail and is not regularly varying, however appealing the mixing
density looks. This one test separates horseshoe, Student-t, generalized double Pareto, R2–D2
and Zellner–Siow from ridge, lasso, normal–gamma, Dirichlet–Laplace and penalised complexity.
Applied to (1) with p(λ2i ) = K(λ2i )

−a−1L(λ2i ), Theorem 2.3 holds with index −a in the mixing
density and yields

p(θi) ∝ |θi|−2a−1L(θ2i ), |θi| → ∞, (2)

so that θi ∈ RV(2a): the tail index of the coefficient is twice that of the local variance.

Remark 2.4. Two checks fix (2). For λ2i ∼ IG(ν/2, ν/2) the marginal is exactly Student-
tν , whose density decays as |θ|−ν−1; here a = ν/2 and (2) gives |θ|−ν−1. For the horseshoe,
λ ∼ C+(0, 1) gives p(λ2) = π−1(λ2)−1/2(1 + λ2)−1 ∼ π−1(λ2)−3/2, so a = 1/2 and p(θ) ∼ c θ−2

with c = 2/(π
√
2π) = (2/π3)1/2. The same constant governs the origin: p(θ) ∼ c log(1/|θ|)

as θ → 0. The horseshoe is thus pinned at both ends by a single number, and c reappears in
Propositions 3.3 and 3.5 below.

2.3 What it means to be default

We can now state the criterion the rest of the paper applies. Write pψ for the prior induced on
ψ(θ) by p(θ).

Definition 2.5 (RV-default). Let G be a class of measurable functionals ψ : Rp → R. A proper
prior p(θ) is default for G if for every ψ ∈ G the induced prior pψ is (a) proper, (b) regularly
varying at infinity with finite index, and (c) bounded away from zero on a neighbourhood of every
attainable value of ψ, including boundary values at which ψ is not identified.

Condition (b) is tail robustness in the estimand: it guarantees, by Dawid (1973), that the
posterior for ψ follows the integrated likelihood when the data are informative. Condition (c) is
the requirement that the prior not resolve by fiat a question the data cannot answer; it is what
fails when a prior is repelled from the origin, and it is the condition that does the work in weakly
identified problems. Condition (a) rules out the reference and Jeffreys routes in hierarchies and
in model comparison.

Proposition 2.6. Let θ1, . . . , θp be independent with common marginal p(θi) satisfying p(θi) =
|θi|−α−1ℓ(|θi|) as |θi| → ∞ for some α > 0 and slowly varying ℓ, with

∫
p = 1 and lim infθ→0 p(θ) >

0. Let G be the class of rational functions of θ with positive coefficients. Then (a) and (b) of
Definition 2.5 hold for every ψ ∈ G.

Proof. Properness is immediate since ψ is a measurable function of a proper random vector. For
(b), the hypothesis states θi ∈ RV(α); Proposition 2.2(iii) transfers regular variation through any
rational function with positive coefficients.

Condition (c) is not implied in general and must be checked functional by functional. That is
what the next section does for the functionals that matter in econometrics, and in each case the
condition turns out to be exactly the requirement that the coordinate prior have an unbounded
— or at least strictly positive — density at the origin. The combination of (b) and (c), tail
robustness and sparse robustness, is what singles out the global–local class.
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Table 1: Efron’s four problems and their econometric counterparts.

Problem Functional Econometric counterparts

Sum of squares ψ =
∑

i θ
2
i R2; forecast error variance decompositions; long-run

variance; portfolio variance w⊤Σw; signal-to-noise
ratio in state space models; Wald and J statistics.

Maximum ψ = maxi θi Peak impulse response; best fund or strategy in a
cross-section; maximum Sharpe ratio; largest subgroup
treatment effect; dominant eigenvalue of a companion
matrix.

Product ψ = θ1θ2 Indirect and mediation effects; two-stage pass-through;
interaction effects; loading times factor variance.

Ratio ψ = θ1/θ2 Elasticities; the Wald IV estimand and LATE;
long-run multiplier

∑
j βj/(1−

∑
j αj); half-life

log(1/2)/ log ρ; willingness to pay; velocity.

3 A tail calculus for econometric functionals

Efron’s four problems — sum of squares, maximum, product, ratio — are not curiosities. Each
is an econometric functional in disguise, as Table 1 records. This section computes the induced
priors.

3.1 Tail arithmetic

Proposition 3.1. Let θ1, . . . , θp be independent and identically distributed with θi ∈ RV(α),
α > 0. Then, as x→ ∞,

(i) maximum: P
(
maxi θi > x

)
∼ p F̄ (x), max

i
θi ∈ RV(α);

(ii) sum: P
(∑

i θi > x
)
∼ p F̄ (x),

∑
i θi ∈ RV(α);

(iii) sum of squares:
∑

i θ
2
i ∈ RV(α/2);

(iv) product: θ1θ2 ∈ RV(α) up to a factor log x.

Proof. (i) P(maxi θi ≤ x) = F (x)p, so 1 − F (x)p ∼ pF̄ (x). (ii) Regularly varying tails with
α > 0 are subexponential, for which P(

∑
i θi > x) ∼ pF̄ (x) (Bingham et al., 1989, §1.3). (iii)

P(θ2i > x) = F̄ (
√
x) + F (−

√
x), which is RV(α/2) by Proposition 2.2(i); apply (ii). (iv) By

Breiman’s lemma, if E|θ2|α+ϵ < ∞ then P(θ1θ2 > x) ∼ E[θα2 ]F̄ (x); when both factors have the
same index the moment condition fails and the tail acquires a log x factor, which is slowly varying,
so the index is unchanged.

Two consequences deserve emphasis. The tail index is preserved by maxima and sums and
halved by squaring. For the horseshoe, α = 1 by Remark 2.4, so

∑
i θ

2
i ∈ RV(1/2): the induced

prior on a variance share has infinite mean and a tail ψ−1/2. Corollary 3.7 below confirms this
from an exact calculation.

3.2 Ratios: the Fieller–Creasy problem and weak instruments

The Wald estimand ψ = π1/π2, with π1 the reduced form and π2 the first stage, is Fieller’s
problem (Fieller, 1940; Creasy, 1954). The following is the central result of this section.
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Theorem 3.2 (Ratio). Let θ1 ⊥⊥ θ2 have densities p1, p2 with p2 bounded and continuous at the
origin, and let E|θ1| <∞. Then the density of ψ = θ1/θ2 satisfies

pψ(t) = t−2

∫
|u| p1(u) p2(u/t) du ∼ p2(0)E|θ1| t−2, t→ ∞, (3)

so that pψ ∈ RV−2 and ψ ∈ RV(1) whenever p2(0) > 0. If p2(0) = 0 then pψ(t) = o(t−2); if
E|θ1| = ∞ then t2pψ(t) → ∞.

Proof. The ratio density is pψ(t) =
∫
|v|p1(tv)p2(v) dv, since θ1 = ψθ2 has Jacobian |θ2|. Substi-

tuting u = tv gives the exact identity in (3). As p2 is bounded and E|θ1| < ∞, the integrand is
dominated by ∥p2∥∞|u|p1(u), which is integrable; p2(u/t) → p2(0) pointwise by continuity, and
dominated convergence gives the limit. The two edge cases follow by the same argument and by
Fatou’s lemma respectively.

Four remarks. First, the result is a statement about the denominator: the tail weight of the
estimand is set by how much prior mass sits near π2 = 0. Making the prior on π1 heavier changes
the constant, not the rate.

Second, p2(0)E|θ1| is a natural measure of prior information about identification. A Gaussian
prior π2 ∼ N (0, A) has p2(0) = (2πA)−1/2 → 0 as A → ∞: making the first-stage prior more
diffuse makes the induced prior on the estimand lighter tailed, hence more confident. This is
Efron’s phenomenon in its sharpest econometric form. A prior assigning negligible mass to a
neighbourhood of zero reports a well-identified elasticity from data that identify nothing.

Third, the reference prior for this problem, p(ψ) ∝ (1 + ψ2)−1/2 (Liseo, 1993), is RV−1 and
improper. Theorem 3.2 says any proper prior with p2(0) ∈ (0,∞) and E|θ1| <∞ gives RV−2: the
proper default is one power lighter than the reference answer, which is the price of properness.
The horseshoe violates both hypotheses — p2(0) = ∞ and E|θ1| = ∞ — and the following makes
precise where it lands.

Proposition 3.3 (Horseshoe ratio). Let θ1 ⊥⊥ θ2 be standard horseshoe, so pi(θ) ∼ c θ−2 as
|θ| → ∞ and pi(θ) ∼ c log(1/|θ|) as θ → 0, with c = (2/π3)1/2. Then, as t→ ∞,

pθ1/θ2(t) ∼ c2 t−2 log2 t.

Proof. By symmetry pψ(t) = 2
∫∞
0 v p1(tv)p2(v) dv. Split at v = 1/t and v = 1. On (1/t, 1),

p1(tv) ∼ c(tv)−2 and p2(v) ∼ c log(1/v), so with u = log(1/v) the contribution is c2t−2
∫ log t
0 u du =

c2t−2 log2 t/2. On (0, 1/t) both factors are logarithmic and the contribution is O(t−2 log t); on
(1,∞) both are quadratic and the contribution is O(t−2). Doubling the dominant term gives the
result.

The index is still −2; the horseshoe buys a slowly varying log2 t of extra tail weight over a
prior with bounded density at the origin. Numerically, t2pψ(t) equals 3.217 at t = 103 against
c2 log2 t = 3.078, and 5.235 at t = 104 against 5.472.

Fourth, weak identification is by definition the regime in which the likelihood does not over-
whelm the prior, so the choice of prior is decisive there and immaterial elsewhere. Table 5 shows
exactly this pattern.

Corollary 3.4 (Identification neutrality). Under the hypotheses of Theorem 3.2, condition (c) of
Definition 2.5 holds for ψ = θ1/θ2 if and only if p2 is bounded away from zero on a neighbourhood
of the origin. Priors that vanish at π2 = 0 — including any prior placing π2 on a set bounded
away from zero, and, in the diffuse limit, the Gaussian — fail it.
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3.3 Products: mediation and two-stage pass-through

Where the ratio problem is about the tail, the product problem is about the origin. An indirect
effect ψ = θ1θ2 is zero whenever either channel is inactive, so the honest report under weak
evidence is a posterior massed at zero, and what matters is how fast the induced prior accumulates
there.

Proposition 3.5 (Product). Let θ1 ⊥⊥ θ2 have symmetric densities and let ψ = θ1θ2, so that
pψ(t) = 2

∫∞
0 p1(t/v)p2(v)v

−1dv. As t→ 0:

(i) if pi is bounded and continuous at the origin with pi(0) = bi > 0, then pψ(t) ∼ 2b1b2 log(1/|t|);
(ii) if pi(θ) ∼ c log(1/|θ|), as for the horseshoe with c = (2/π3)1/2, then pψ(t) ∼ 1

3c
2 log3(1/|t|).

Proof. Write L = log(1/t) and u = log(1/v), so du = −dv/v and v ∈ (t, 1) corresponds to
u ∈ (0, L); this range carries the mass as t→ 0. In case (i), p1(t/v) → b1 and p2(v) → b2 uniformly

on u ∈ (ϵL, (1 − ϵ)L), so the integral is b1b2
∫ L
0 du = b1b2L. In case (ii), p1(t/v) ∼ c(L − u) and

p2(v) ∼ cu, so the integral is c2
∫ L
0 (L− u)u du = c2L3/6. Multiply by 2 in each case.

The gap is two powers of log. Numerically, at t = 10−7 the horseshoe product density is 94.6
against 1

3c
2L3 = 90.0, and against π−1L = 5.1 for a pair of standard normals. The spike at the

origin is what buys the concentration, and it compounds multiplicatively across the two channels:
a mediation analysis with two weakly identified stages is precisely where the choice of prior does
the most work. Table 5 below records the consequence — a threefold narrower interquartile range
for the indirect effect, and a posterior median of exactly zero where the Gaussian prior reports a
nonzero effect.

3.4 Variance shares: the arcsine law for R2

Efron’s first problem is the variance share. Let θi | τ ∼ N (0, τ2) independently, i ≤ p, with
τ ∼ C+(0, 1), and let

ψ =

p∑
i=1

θ2i , R2 =
ψ

ψ + p
,

so that R2 is the share of variation attributable to signal when each coordinate carries unit noise
variance. The following is exact in its first step and asymptotic only in its second.

Theorem 3.6 (Arcsine law). Let κ = (1+τ2)−1. If τ ∼ C+(0, 1) then κ ∼ Beta(1/2, 1/2) exactly.
Consequently R2 ⇒ Beta(1/2, 1/2) as p→ ∞, with density

p(r) =
1

π
r−1/2(1− r)−1/2, 0 < r < 1.

Proof. Write s = τ2. If τ ∼ C+(0, 1) then p(s) = π−1s−1/2(1 + s)−1. The map s 7→ r = s/(1 + s)
has s = r/(1− r) and ds/dr = (1− r)−2, so

p(r) =
1

π

(
r

1− r

)−1/2

(1− r) (1− r)−2 =
1

π
r−1/2(1− r)−1/2,

which is Beta(1/2, 1/2); since κ = 1 − r and the arcsine density is symmetric about 1/2, κ has

the same law. For the second claim, ψ
d
= τ2χ2

p with τ ⊥⊥ χ2
p, so ψ/p = τ2(χ2

p/p) and χ2
p/p → 1

in probability. By Slutsky and the continuous mapping theorem applied to x 7→ x/(1 + x),
R2 = (ψ/p)/(1 + ψ/p) ⇒ τ2/(1 + τ2), whose law is Beta(1/2, 1/2) by the first part.
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Corollary 3.7. Under the hypotheses of Theorem 3.6, the limiting induced prior on ψ =
∑

i θ
2
i

is p(ψ) ∝ ψ−1/2(ψ + p)−1, which is RV−3/2, so ψ ∈ RV(1/2) and E[ψ] = ∞.

Proof. Invert r = ψ/(ψ+p), with dr/dψ = p(ψ+p)−2, in the arcsine density: p(ψ) = π−1{ψ/(ψ+
p)}−1/2{p/(ψ + p)}−1/2 · p(ψ + p)−2 = π−1√pψ−1/2(ψ + p)−1.

The density is strictly positive at ψ = 0, which is condition (c) of Definition 2.5 and the reason
the posterior can report a variance share of zero. Bhadra et al. (2016) obtain the same expression
by Laplace approximation; Theorem 3.6 shows it is exact in the limit and identifies the law behind
it.

The arcsine law is the horseshoe’s namesake: Carvalho, Polson and Scott (2010) named the
prior for the Beta(1/2, 1/2) density of the shrinkage weight κi = (1 + λ2i τ

2)−1, whose two poles
at 0 and 1 express indifference between no shrinkage and total shrinkage. Theorem 3.6 reads that
fact in the other direction and in the econometrician’s units: the half-Cauchy global scale is the
prior that is agnostic about model fit, placing the arcsine law on R2. Three points follow.

First, the theorem supplies the missing justification for the half-Cauchy default on a global
scale. The usual argument (Gelman, 2006; Polson and Scott, 2012b) is that the half-Cauchy
behaves well at both ends of the scale. Theorem 3.6 says something stronger and checkable: it is
the prior that makes R2 arcsine. The convergence is fast — at p = 50 the simulated quartiles of
R2 are (0.142, 0.494, 0.852) against arcsine values (0.146, 0.500, 0.854).

Second, this places the R2–D2 prior of Zhang et al. (2022) in the catalogue exactly. That prior
starts from a Beta(a, b) prior on R2 and induces the implied prior on coefficients; Theorem 3.6
shows the half-Cauchy global scale is the special case a = b = 1/2. The R2–D2 construction is
therefore not an alternative to global–local shrinkage but a reparameterisation of it in the units
the economist reports, which is exactly the recommendation of Section 8.

Third, the contrast with the diffuse Gaussian is now explicit. Under θi ∼ N (0, A) with A
fixed, R2 → A/(1 + A) degenerately as p → ∞: a point mass, and at A = 300 a point mass at
0.997. That is Efron’s 300, restated.

3.5 Persistence: long-run multipliers and half-lives

Consider yt = ρyt−1 + εt with ρ given a prior with density pρ continuous at 1. The reported
quantities are the long-run multiplier M = (1− ρ)−1 and the half-life H = log(1/2)/ log ρ.

Proposition 3.8. If pρ(1) = c ∈ (0,∞) then, as t→ ∞,

pM (t) ∼ c t−2, pH(t) ∼ c log 2 t−2,

so M,H ∈ RV(1) and E[M ] = E[H] = ∞ under the prior.

Proof. For M : ρ = 1 − 1/t, |dρ/dt| = t−2, so pM (t) = pρ(1 − 1/t)t−2 ∼ ct−2. For H: ρ = 2−1/t,
|dρ/dt| = (log 2)t−2e−(log 2)/t ∼ (log 2)t−2, and pH(t) = pρ(2

−1/t)|dρ/dt| ∼ c log 2 t−2. In both
cases

∫∞
t · t−2dt diverges.

The proposition is elementary and its content is not. Any prior on ρ that does not exclude the
unit root implies an infinite prior mean half-life and an infinite prior mean multiplier. Reporting
a posterior mean half-life is meaningful only because the likelihood truncates the tail, and how
much it truncates depends on the sample size and on the local-to-unity parameter. Two priors
on ρ that are visually indistinguishable can differ by an order of magnitude in the implied prior
median half-life, because that median is governed by pρ on a shrinking neighbourhood of 1.
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This also explains why the unit root debate (Sims and Uhlig, 1991; Phillips, 1991) was con-
ducted at cross purposes. Phillips’s objection to the flat prior was that the Jeffreys prior for
this model is far from flat near unity, so a flat prior is informative against a unit root. The
functional-side statement is complementary and sharper: whatever the prior on ρ, it is the value
of its density in a neighbourhood of 1 that determines the entire tail of the reported persistence
measure.

3.6 Maxima: why a global scale is not enough

Proposition 3.9. Let (θi | λi, τ) ∼ N (0, λ2i τ
2) as in (1). (i) If p(λ2i ) ∝ (λ2i )

−a−1L(λ2i ) with
a > 0, then by (2) the conditional marginal satisfies θi | τ ∈ RV(2a), and by Proposition 3.1(i)
maxi θi | τ ∈ RV(2a) with P(maxi θi > x | τ) ∼ p F̄τ (x): the tail index is that of a single
coordinate, independent of p. (ii) If instead λi ≡ 1, so shrinkage is purely global, the coordinates
are Gaussian given τ , P(maxi θi > x | τ) ≤ p exp(−x2/2τ2), and the conditional tail is rapidly
varying.

The proof is immediate from the union bound and the Gaussian tail bound. The econometric
content is Efron’s second example. Under (ii) the marginal on maxi θi is heavy tailed only through
the mixing over τ , and the posterior for τ is determined by all p coordinates jointly. With p− 1
coordinates at zero and one at 10, that posterior concentrates near zero and the single large
coefficient is shrunk along with the noise: Section 7 finds a posterior mean of 4.81 for a coefficient
the data place at 9.47. Under (i) the local λi decouples the coordinates and the large one escapes.

This is the failure mode of the Minnesota prior in a large VAR, of the James–Stein estimator,
and of any procedure that selects one penalty by cross-validation and applies it uniformly. Loos-
ening the global scale does not repair it, because loosening breaks the variance share. The two
functionals pull in opposite directions and only local scales serve both.

4 A catalogue of default priors

Table 2 covers priors on coefficients, Table 3 priors on scales. For each we record the mixing
representation, the marginal tail, behaviour at the origin, and a verdict against Definition 2.5.

4.1 Reading the catalogue

The g-prior family is a microcosm. Zellner’s g-prior with fixed g is Gaussian and rapidly varying.
Its two defects — Bartlett’s paradox, in which g → ∞ drives the Bayes factor to the null regardless
of the data, and the information paradox, in which the Bayes factor is bounded as the F statistic
diverges — are the same failure at infinity. The repairs of Zellner and Siow (1980) and Liang et
al. (2008) are to mix over g with a polynomially tailed density, producing a Cauchy-like regularly
varying marginal. Zellner–Siow is the horseshoe idea avant la lettre, restricted to the global scale,
and Theorem 2.3 explains why the same fix cures both paradoxes.

A spike is not a default. Normal–gamma, Dirichlet–Laplace, spike-and-slab lasso and penalised
complexity priors deliver sparsity and all attenuate large coefficients, since by Theorem 2.3 expo-
nential mixing implies exponential marginal tails. For the horseshoe the posterior mean satisfies
E(θ | y) → y; for the Laplace the bias |E(θ | y) − y| ≈

√
2/τ does not vanish (Carvalho et al.,

2010). If the object of interest is the large coefficient — and in econometrics it usually is — this is
the wrong trade. Simpson et al. (2017) note that the exponential tail is the one setting in which
their construction is problematic.
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Table 2: Priors on coefficients. “RV” is regular variation of the marginal at infinity; “spike” is an
unbounded density at the origin. A default requires both.

Prior Mixing / form Marginal tail
p(θ)

RV Spike Verdict

Flat, p(θ) ∝ 1 improper constant — no fails for ψ(θ)

Jeffreys |I(θ)|1/2 model
dependent

— no marginalisation
paradox

Ridge / N (0, A) degenerate at A e−θ2/2A no no not default

Zellner g-prior N (0, gσ2(X⊤X)−1) Gaussian no no Bartlett, information
paradox

Zellner–Siow g ∼ IG(1/2, 1/2) mv Cauchy;
marginal |θ|−2

yes no default for testing

Hyper-g g/(1 + g) ∼
Be(1, a/2− 1)

polynomial yes no default for testing

Minnesota N (0, λ2/ℓ2), ℓ = lag Gaussian no no pure global; fails
maxima

Hierarchical
Minnesota

λ2 given a prior Gaussian given
λ

no† no better; still no local

Laplace / Bayesian
lasso

λ2
i ∼ Exp e−|θ|/b no no attenuates large

signals

Bayesian bridge
(α < 1)

stable mixing e−|θ|α no yes subexponential, not
RV

Normal–gamma λ2
i ∼ Ga(a, b) Bessel, e−c|θ| no yes (a < 1/2) spike but light tail

Dirichlet–Laplace Dirichlet × Laplace exponential no yes spike but light tail
Normal–inverse-
Gaussian

inverse Gaussian exponential no yes spike but light tail

Student-tν λ2
i ∼ IG(ν/2, ν/2) |θ|−(ν+1) yes no tail robust, not

sparse
Cauchy ν = 1 |θ|−2 yes no tail robust, not

sparse

Generalized double
Pareto

Laplace–gamma |θ|−(α+1) yes yes default

Three-parameter
beta

TPB(a, b, ϕ) |θ|−2b−1 yes yes (a ≤ 1/2) default

Horseshoe λi ∼ C+(0, τ) |θ|−2 yes yes (log) recommended
default

Horseshoe+ λi ∼ C+(0, τηi) |θ|−2 log |θ| yes yes (log2) ultra-sparse default
R2–D2 beta-prime on R2 polynomial yes yes default; interpretable
Horseshoe-like closed-form variant |θ|−2 yes yes default; fast
Spike-and-slab,
normal slab

πδ0 + (1− π)N Gaussian no atom slab tail too light

Spike-and-slab,
Cauchy slab

πδ0 + (1− π)C+ |θ|−2 yes atom default;
combinatorial

Spike-and-slab lasso two Laplace scales exponential no yes attenuates large
signals

† Conditionally Gaussian; regular variation of the marginal on θ requires a polynomially tailed prior on λ2, which
standard implementations do not use. See Section 5.3.
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Table 3: Priors on scale and variance parameters. For scales the binding failure is at the origin,
not at infinity: a prior repelled from zero manufactures variation that is not in the data.

Prior Form Tail Origin Verdict

p(σ) ∝ 1/σ Jeffreys σ−1 σ−1 improper; fine for
one scale

Inverse-gamma(ϵ, ϵ) v−1−ϵe−ϵ/v RV−1−ϵ repelled from
0

avoid in hierarchies

Inverse-gamma(a, b)
fixed

conjugate RV−1−a repelled from
0

convenient, not
default

Half-Cauchy C+(0, A) 2/{πA(1 + (σ/A)2)} RV−2 finite, positive recommended
default

Half-tν ν small RV−ν−1 finite, positive default; ν ∈ {1, 2}
Uniform on σ p(σ) ∝ 1 on (0, U) truncated finite acceptable; U

arbitrary
Uniform on σ2 p(v) ∝ 1 — finite improper posterior

risk

Penalised complexity λσ−1/2e−λ
√
σ exponential spike good at 0, light tail

Half-Cauchy squared horseshoe+ scale RV−2 log stronger spike ultra-sparse
Beta-prime BP(a, b) RV−b−1 tunable flexible default

Heavy tails alone are not a default either. Independent Cauchy or multivariate t priors are tail
robust and fail condition (c) of Definition 2.5 for aggregate functionals: they do not shrink noise, so
by Proposition 3.1(ii) the p−1 noise coordinates accumulate and the variance share is overstated.

Only the intersection works. Horseshoe, horseshoe+, horseshoe-like, generalized double Pareto,
three-parameter beta, R2–D2 and Cauchy-slab spike-and-slab pass both tests. All are normal
scale mixtures, hence all are tractable by the same data augmentation.

5 High-dimensional econometrics

5.1 Regression and predictive regressions

For y = Xβ+ε with p comparable to or exceeding n, the recommendation is a global–local prior
with the global scale learned. Econometric designs are strongly correlated — macro predictors,
characteristics in the cross-section of returns, lags of a persistent series — and this matters: ridge
is optimal against a dense truth in an orthogonal design and can be badly suboptimal against a
sparse truth in a correlated one. Bhadra et al. (2019b) characterise the prediction risk of horseshoe
regression and show it dominates ridge across a wide range of sparsity and signal strength.

In return predictability the reported quantity is not β but the implied R2 or the certainty-
equivalent gain from timing. Theorem 3.6 says the half-Cauchy global scale already implies an
arcsine prior on R2; if the applied question concerns a small R2, as it does in that literature, then
the arcsine, with its pole at zero, is a defensible default and its Beta(a, b) generalisations let the
researcher say more.

5.2 Instrumental variables with many instruments

Many instruments is a shrinkage problem in the first stage (Chamberlain and Imbens, 2004).
Hahn, He and Lopes (2018) shrink through a factor model; Belloni et al. (2012) select by lasso.
Theorem 3.2 makes the requirements sharp, and they are in tension:
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(i) shrink the irrelevant instruments hard, or the estimand inherits many-instrument bias;

(ii) do not shrink the relevant ones, since attenuating π2 inflates π1/π2;

(iii) keep p2(0) > 0, so that genuine non-identification is reported rather than resolved.

Requirement (ii) is tail robustness and rules out lasso and normal–gamma first stages. Require-
ment (iii) is Corollary 3.4 and rules out t and Cauchy priors, and a fortiori Gaussian ones, without
a spike. Only global–local priors with regularly varying tails satisfy all three. The argument is
about the estimand, not about estimation of π, which is why it does not follow from the usual
optimality results.

5.3 Large Bayesian vector autoregressions

The Minnesota prior (Doan et al., 1984; Litterman, 1986) is, in this language, pure global shrinkage
with a deterministic decay schedule: coefficient (i, j, ℓ) receives prior variance proportional to
λ2/ℓ2. It is conditionally Gaussian and rapidly varying, so Proposition 3.9(ii) applies.

Two developments improved it, and both are Efron examples. First, Giannone, Lenza and
Primiceri (2015) give the tightness λ a prior and integrate it out. This is the repair of the
first example: by Theorem 3.6, giving the global scale a heavy-tailed prior converts the induced
prior on the variance share from a degenerate point mass into the arcsine law. That is why the
hierarchical treatment improves forecasts so reliably, and Bańbura et al. (2010) document the
same phenomenon through the sensitivity of forecast performance to tightness.

Second, and less widely adopted, is the addition of local scales. Proposition 3.9 warns that no
single λ, however chosen, can simultaneously shrink the many irrelevant coefficients of a large VAR
and leave the few large ones alone; in practice this appears as over-smoothed impulse responses and
understated persistence. The literature has moved this way — Huber and Feldkircher (2019) with
normal–gamma, Korobilis (2013) with variable selection, Chan (2021) with adaptive hierarchical
Minnesota priors — but the catalogue suggests going further, to a Minnesota-structured global–
local prior,

(βijℓ | λijℓ, τ) ∼ N

(
0,
λ2ijℓτ

2s2i

ℓ2s2j

)
, λijℓ ∼ C+(0, 1), τ ∼ C+(0, 1), (4)

which keeps the economically motivated decay, learns the tightness, and adds regularly varying
local scales. The normal–gamma choice achieves the spike but, by Theorem 2.3, not the tail;
replacing gamma mixing by half-Cauchy mixing costs nothing computationally and delivers both.

This matters because the reported object is never β. It is e⊤i Φhej , or c
⊤(I −

∑
ℓAℓ)

−1b, or
a variance share — rational functions to which Proposition 2.2(iii) applies and Gaussianity does
not. In the univariate case Proposition 3.8 is exact: the induced prior on the multiplier is Cauchy
tailed.

5.4 Structural identification

A distinct instance arises in structural VARs identified by sign restrictions. Baumeister and
Hamilton (2015) showed that the conventional Haar prior over orthogonal rotations, apparently
uninformative, induces a sharply informative prior on structural impulse responses and elasticities
that does not vanish asymptotically because the model is set identified. This is Efron’s problem
in its purest form. The robust-Bayes response of Giacomini and Kitagawa (2021), reporting the
range of posteriors over all priors consistent with the restrictions, is complementary rather than
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competing: the default-prior contribution is to insist that whatever prior is placed on the reduced
form, the induced prior on the reported response be simulated, inspected, and checked for regular
variation.

5.5 Covariance, factors, time variation and panels

For Σ or Σ−1 in high dimension the reported quantities — portfolio weights Σ−1µ, the efficient
frontier, network centrality — are again functionals. The inverse Wishart is the matrix analogue of
inverse-gamma(ϵ, ϵ): one degrees-of-freedom parameter governs every eigenvalue, and it is repelled
from singularity. Global–local shrinkage on loadings in Σ = BB⊤ + Ω respects the fact that a
few loadings are large and lets the number of factors be determined by shrinkage rather than by
a discrete choice.

In βt = βt−1 + ηt, ηt ∼ N (0, ω2), the parameter ω2 governs whether there is time variation at
all. Inverse-gamma(ϵ, ϵ) is repelled from ω2 = 0 and reports time variation whether or not it is
present, which is then given an economic interpretation (Jacquier et al., 1994; Kim et al., 1998;
Primiceri, 2005). The non-centred parameterisation of Frühwirth-Schnatter and Wagner (2010),
βt = β + ωβ̃t, places the prior on ω rather than ω2 and admits ω = 0; with a half-Cauchy or
horseshoe prior on ω this is a genuine default that can report no time variation when that is the
truth. This is the clearest case in econometrics where the default prior changes the qualitative
conclusion, and it is entirely a failure at the origin. The same reasoning applies to unit effects in
panels, where the functional of interest is often the dispersion, the maximum, or a quantile of the
effects.

6 Nonlinear and structural models

Discrete choice. Pólya–Gamma augmentation (Polson, Scott and Windle, 2013) renders the
conditional posterior Gaussian and makes any normal scale mixture prior, horseshoe included,
immediately implementable. The functionals are sharper than in the linear case: marginal effects,
predicted shares, and willingness to pay, which is a ratio with the price coefficient in the denom-
inator. Theorem 3.2 applies verbatim, and reporting willingness to pay from a Gaussian-prior
posterior without examining the induced prior on the ratio is not defensible.

Structural models. Conventional DSGE priors — beta on (0, 1) parameters, gamma on positive
ones (Del Negro and Schorfheide, 2008; Herbst and Schorfheide, 2015) — are rapidly varying and
therefore compete with the likelihood. In weakly identified structural models, which is most of
them, the posterior for a reported quantity may be substantially prior driven, and the standard
diagnostic of comparing prior and posterior marginals for individual parameters does not detect it
because the problem lives in the functional. Welfare costs, multipliers and variance decompositions
are functionals; the induced prior should be simulated and inspected, which is cheap. For partially
identified models (Moon and Schorfheide, 2012) the prior on non-identified directions never washes
out, so the question is unavoidable rather than asymptotically irrelevant.

Causal inference and machine learning. BART (Chipman et al., 2010) and Bayesian causal forests
(Hahn et al., 2020) are the most successful default priors in econometrics, and instructively so: the
regularisation is placed on the function, in the units of the outcome, and Bayesian causal forests
parameterise directly in terms of the prognostic and treatment-effect functions. That is the “put
the prior on the reported quantity” principle. By contrast, regularising a nuisance function with
an exponentially tailed penalty and then forming a ratio or difference inherits an attenuation that
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Table 4: Posterior summaries for two functionals of a 100-dimensional normal mean vector with
one coefficient equal to 10 and the rest zero. Truth:

∑
i θ

2
i = 100, maxi θi = 10. Data:

∑
i y

2
i =

207.3, maxi yi = 9.47.

ψ1 =
∑

i θ
2
i ψ2 = maxi θi

Prior Q1 Median Q3 Mean Mean S.d.

Horseshoe (global–local) 87.0 100.8 116.0 102.1 9.24 1.00
Half-Cauchy, global only 87.2 104.0 121.7 104.9 4.81 0.98
Bayesian lasso 109.3 124.9 141.6 126.1 7.96 1.02
Diffuse N (0, 300) 283.9 305.2 327.5 306.0 9.46 1.00

must be undone by orthogonalisation (Chernozhukov et al., 2018); the Bayesian analogue is to
use a prior that does not attenuate in the first place. For neural network predictors (Polson and
Sokolov, 2017) weight priors are almost universally Gaussian; heavy-tailed weight priors change
the infinite-width limit from a Gaussian to a stable process and give sparser representations, and
since the reported quantity is typically an average marginal effect, the catalogue argues for them.

7 Two illustrations

7.1 Variance shares and extreme coefficients

Let (yi | θi) ∼ N (θi, 1), i ≤ 100, with θ1 = 10 and θi = 0 otherwise: one large coefficient in ninety-
nine zeros, the canonical sparse econometric configuration. The realised data have

∑
i y

2
i = 207.3

and maxi yi = 9.47. We report posteriors for ψ1 =
∑

i θ
2
i , true value 100, and ψ2 = maxi θi,

true value 10, under four priors: horseshoe; a pure-global half-Cauchy, which is the Minnesota
structure in reduced form; the Bayesian lasso with the penalty learned; and a diffuse N (0, 300).
Posteriors are computed by Gibbs sampling, 20,000 draws after 5,000 burn-in.

Table 4 makes the argument in four rows. The diffuse Gaussian, the prior that looks most
uninformative, overstates the variance share threefold: Efron’s 300, and the degenerate limit of
Theorem 3.6. The pure-global prior fixes the variance share but reports the largest coefficient as
4.81 when the data say 9.47, which is Proposition 3.9(ii) with numbers attached. The Bayesian
lasso, the most popular sparsity prior in applied econometrics, is biased in both directions at
once — overstating the share by a quarter and attenuating the maximum by a fifth — because
it has a spike and an exponential tail. Only the global–local prior is close on both functionals
simultaneously, and no tuning of a single global scale can achieve this because the two functionals
pull in opposite directions.

7.2 Ratios and products under weak identification

The second illustration is the bivariate reduced form (y1, y2)
⊤ ∼ N ((θ1, θ2)

⊤, σ2I) with σ = 0.1,
corresponding to n = 100. We report posteriors for the ratio θ1/θ2, the Wald estimand, and the
product θ1θ2, the indirect effect, in three configurations: strong first stage, weak first stage with
first-stage t statistic one, and complete non-identification. Posteriors are computed exactly on a
fine grid, so there is no Monte Carlo error.

Three lessons. When the first stage is strong all four priors agree, as they should: the likelihood
dominates. When identification is weak they separate on the product even while agreeing on the
ratio; the horseshoe interquartile range for the indirect effect is a third of the Gaussian one and
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Table 5: Posterior quartiles for θ1/θ2 and for θ1θ2 (entries ×1000), and posterior concentration
near the origin. Reduced-form standard error σ = 0.1.

θ1/θ2 1000 θ1θ2

Prior Q1 Median Q3 Q1 Median Q3 P(∥θ∥ < 0.25 | y)

Strong first stage, y = (0.40, 1.00), true ψ = 0.4
N (0, 100) 0.329 0.400 0.475 325.6 396.3 470.4 0.000
Laplace 0.322 0.394 0.469 312.7 382.7 455.8 0.000
Cauchy 0.326 0.397 0.472 316.3 386.0 458.6 0.000
Horseshoe 0.312 0.385 0.461 301.6 372.4 446.2 0.000

Weak first stage, y = (0.04, 0.10), first-stage t = 1
N (0, 100) −0.400 0.241 0.968 −2.70 1.60 9.90 0.865
Laplace −0.424 0.222 0.967 −2.50 1.25 8.55 0.887
Cauchy −0.409 0.238 0.970 −2.70 1.50 9.50 0.872
Horseshoe −0.393 0.043 0.944 −0.92 0.00 3.30 0.939

No identification, y = (0.00, 0.00)
N (0, 100) −1.000 0.000 1.000 −3.60 0.00 3.60 0.956
Laplace −1.000 0.000 1.000 −3.30 0.00 3.30 0.964
Cauchy −1.000 0.000 1.000 −3.60 0.00 3.60 0.958
Horseshoe −1.000 0.000 1.000 −1.10 0.00 1.10 0.983

its median is zero rather than 1.6 × 10−3. A researcher using a diffuse Gaussian prior would
report an indirect effect centred away from zero; the honest answer is zero. Under complete non-
identification all priors correctly report ratio quartiles at ±1 — the ratio of two zeros is undefined
and the posterior says so — but the product posteriors again differ threefold in spread.

The pattern is the one Theorem 3.2 predicts. Differences between priors are invisible where
the data are informative and decisive where they are not, which is exactly where a default prior
earns its name.

8 Practical recommendations

1. Put the prior on the reported quantity. If the paper reports an R2, a half-life, an elasticity
or an impulse response, specify the prior in those units and induce the prior on the coefficients.
This eliminates the Jacobian problem by construction. Theorem 3.6 shows the half-Cauchy global
scale already does this for R2; R2–D2 and Bayesian causal forests generalise it.

2. Otherwise, simulate the induced prior and look at it. Draw θ from the prior, compute
ψ(θ), plot the histogram. This costs nothing and would have prevented every pathology in this
paper. It belongs alongside convergence diagnostics as a reporting requirement.

3. Use global–local priors with regularly varying tails for coefficients. Horseshoe as
baseline; horseshoe+ when ultra-sparse; R2–D2 when an interpretable global scale is wanted;
generalized double Pareto or three-parameter beta when a tunable tail index is wanted.

4. Use half-Cauchy or half-t on scales, never inverse-gamma(ϵ, ϵ). In state space models
use the non-centred parameterisation so that a zero innovation variance is attainable.

5. Learn the global scale. Fixing Minnesota tightness, or g, is the direct cause of Efron’s first
pathology and of Bartlett’s paradox.

15



Table 6: A default toolkit for Bayesian econometrics.

Setting Recommended default Failure mode avoided

Regression, p large Horseshoe or R2–D2 on β;
half-Cauchy on σ

upward bias in R2; attenuation of large
coefficients

Predictive regression Prior on R2, induced on β Jacobian distortion of the reported
quantity

IV, many instruments Global–local first stage;
half-Cauchy global

many-instrument bias; attenuated
denominator

IV, weak instruments p2(0) > 0 and regularly varying manufactured identification
Large VAR Minnesota-structured

global–local, (4)
over-smoothed responses; halved large
coefficients

Structural VAR Simulate induced prior on
responses; report robust range

informative Haar prior on rotations

Covariance / factor Global–local on loadings inverse Wishart eigenvalue distortion
TVP and SV models Non-centred; half-Cauchy on ω manufactured time variation
Panel / hierarchical Half-Cauchy on effect dispersion inverse-gamma repulsion from zero
Discrete choice Pólya–Gamma with horseshoe Fieller problem in willingness to pay
Testing / selection Zellner–Siow or hyper-g Bartlett and information paradoxes
Causal / ML Prior on the treatment-effect

function
regularisation bias in the estimand

6. Do not stop at the global scale. Proposition 3.9 and Table 4: one parameter cannot
serve both the variance share and the largest coefficient. For VARs, keep the Minnesota structure
inside a global–local hierarchy as in (4).

7. Do not confuse a spike with a default. Normal–gamma, Dirichlet–Laplace, Bayesian
lasso, spike-and-slab lasso and penalised complexity priors all attenuate large coefficients.

8. Do not confuse heavy tails with a default either. Independent Cauchy and multivariate
t priors do not shrink noise, and aggregate functionals are overstated in high dimension.

9. In ratio problems, keep mass at the denominator’s origin. By Theorem 3.2 the
constant p2(0)E|θ1| governs the whole tail of the estimand. Diffusing the first-stage prior tightens
the implied prior on the elasticity, which is the opposite of the intent.

10. For testing, use mixtures of g-priors. Zellner–Siow or hyper-g; both are regularly
varying and both resolve the information paradox. Never a fixed g.

11. Check properness. Reference and Jeffreys priors are frequently improper, acceptable for
estimation in a single well-identified block and unacceptable in hierarchies or for model compar-
ison. The recommended global–local priors are proper by construction — a practical advantage
over the reference route, which additionally requires recomputation under reparameterisation and
depends on a parameter ordering that economics rarely supplies.

12. Report sensitivity in the functional. Varying a hyperparameter and showing the coeffi-
cient posteriors barely move can be entirely uninformative, because the problem lives in pψ. Vary
the prior and report the effect on ψ.

9 Discussion

The argument compresses to one sentence: in econometrics the prior is judged on the functional,
not on the parameter, and regular variation is the property that makes flatness survive the map
from one to the other.
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The criterion is more modest than Bernardo’s reference prior programme, deliberately. Ref-
erence priors formally maximise the divergence between prior and posterior and are in that sense
optimal, but they are cumbersome or impossible in the models econometricians use, must be
recomputed under reparameterisation, depend on an ordering economics rarely supplies, and are
frequently improper, which rules them out for model comparison. Regularly varying global–local
priors are none of these things: proper, computable by standard augmentation in every model
class considered here, and adequate to Efron’s four problems. They are a practical compromise
between Bernardo’s formal framework and flat priors.

Three directions remain. First, the theory here is tail based; posterior concentration results for
econometric functionals — impulse responses, multipliers, variance shares — under global–local
priors are largely unwritten, though van der Pas et al. (2014) and Bhadra et al. (2019b) provide
the template. Second, Theorem 3.6 invites a converse: which priors on the global scale induce a
Beta(a, b) law on R2, and what does the choice of (a, b) mean for an economist who has a view
about how much of the variation is explicable? Third, and most practically, the induced-prior
diagnostic of recommendation 2 could be automated in standard Bayesian econometric software.
There is no technical obstacle, and that it is not routine is why Efron’s fifty-year-old warning still
bites.

Acknowledgements. This paper draws throughout on joint work with Anindya Bhadra, Jy-
otishka Datta and Brandon Willard, and on conversations with Vadim Sokolov and James Scott.
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